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Abstract 
We prove the following theorem: If G is an r-connected graph and there are k vertices of 
G which have pairwise distance at least d, then G has at least k(rL(d-1)/2J+l)+ 
((1 +( -  1)a)/2)r vertices. This bound is sharp. 
1. For all bounded metric spaces (M,d) and all k~>2 the packing constant d k is 
defined as 
dk:= sup inf d(P,Q). 
ScM P,Q~S 
ISl=k P~-Q 
The interpretation is that we can pack k open balls of radius dk/2 in this metric space 
(see e.g. [2]). They were also called k-diameters in [1], since d2 is the diameter. If the 
metric space is generated by a graph, we can obtain bounds for the packing constants 
in terms of the order and connectivity of the graph. This was already done in [1] for 
singly connected graphs, but our proof for the r-connected case is considerably 
shorter. 
2. For the sake of convenience we determine the inverse of the function, namely the 
minimum number of vertices of an r-connected graph with dk/> d. 
Theorem. l f  G is an r-connected 9raph and there are k vertices of G which have pairwise 
distance at least d, then G has at least 
(rL j + (, r 
vertices, and this bound is sharp. 
0012-365X/95/'$09.50 © 1995--Elsevier Science B.V. All rights reserved 
SSDI 0012-365X(93)E0135-Q 
354 P. Brass/' Discrete Mathematics 137 (1995) 353-355 
Kr Kr 
Y 
L ~ J times 
Kr 
2 
Fig. 1. 
Fig. 2. 
If we specialize the graph G to be a cube graph Q, (which is r-connected) we obtain 
for d = 3 the corresponding Hamming bound of coding theory. 
3. Proof of the lower bound: Take around each of the k vertices a ball with radius 
L(d-  1)/2/. These balls are disjoint. By Menger's theorem there are r vertex-disjoint 
paths in G between any two of the k vertices, each of these paths having length at least 
d by assumption. So each ball contains at least r L (d -  1)/2J+ 1 vertices (the center and 
the beginning sections of the r vertex-disjoint paths). Now if 2L(d-  1)/2]+ 1 =d (d 
odd) we are finished, but if 2L(d-1)/2 J+ 1 =d-1  <d (d even) any edge between any 
two of the balls would result in a distance ~<d-1 between two of the k points, 
contrary to the assumption. Since the graph is r-connected, we have at least r further 
vertices, and the lower bound is proved. 
4. Proof of the upper bound: To construct for given k,r,d a graph for which the 
bound is sharp, we take k arms as in Fig. 1 and join them directly ends together 
(d odd, Fig. 2 shows k=4, r=2,  d=7) or to a central K, (d even, Fig. 3 shows 
k--3, r=3,  d=6). 
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